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Abstract
We study Sogami’s generalized covariant derivative method for a SU(2)L ×
SU(2)R ×U(1)B−L × SU(3)c model that contains bi-doublet and triplet Higgs bosons.
In particular, a detailed study is made on the minimization conditions of the Higgs
potential. It is known that a minimization condition and certain phenomenology for
a extra gauge boson mass derive a restriction on potential parameters, which requires
fine-tuning. We show that the restriction can be reduced to a condition of Yukawa
coupling constants giving a heavy mass of the right-handed tau neutrino in our model.
We also discuss the consistency among parameter restrictions of our model by taking
phenomenology of the Higgs boson masses into account.
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§1. Introduction
Recently, Sogami proposed a method constructing a lagrangian of the standard model
with the aid of generalized covariant derivatives that contain Higgs fields in addition to
gauge fields. 1) Subsequently, Morita studied a way to introduce parameters into such a
covariant derivative method in a systematic manner; there, he also studied the applicability
of Sogami’s method to non-gauge theories. 2) Sogami’s method has a close relation with
the non-commutative geometric (NCG) method for gauge theories proposed by Connes and
Lott, 3) to which many reformulations have been attempted by many authors 4) because of
its unfamiliar geometrical structure. From the viewpoint of practical applications, Sogami’s
method is more useful than the NCG method; we can apply this method to some models
without depending on geometrical concepts. 2), 5)
In this paper, we study a SU(2)L×SU(2)R×U(1)B−L×SU(3)c left-right (L-R) symmetric
model based on Sogami and Morita’s method. Our model contains three kinds of Higgs fields,
a bi-doublet of SU(2)L × SU(2)R, a triplet of SU(2)L and a triplet of SU(2)R.
The Higgs potential of our model must be invariant under the Lorentz, gauge and L-R
transformations. The most general form of such a potential has a complicated structure.
Fine-tuning of the potential parameters is necessary for the potential to be at a minimum
when all the Higgs fields are evaluated at their respective vacuum expectation values (VEV)
that are consistent with a certain phenomenology. 6) On the other hand, Sogami’s method
gives rise to some constraints among coupling constants of a gauge-Higgs lagrangian, e. g.,
some relations between the Higgs potential parameters and Yukawa coupling constants.
Such constraints among the coupling constants may affect the fine-tuning problem of the
L-R symmetric model. From this point of view, we study the minimization conditions of the
Higgs potential. We also discuss the consistency among parameter restrictions of our model,
including restrictions arising from phenomenology of the Higgs boson masses.
In the next section, we review the conventional L-R symmetric model and the fine-tuning
problem of this model. In §3, we construct a L-R symmetric model according to Sogami and
Morita’s method, and discuss the fine-tuning problem in our model. This section contains
the main result of this paper. Section 4 consists of three subsections: In §4.1, we discuss the
consistency among parameter restrictions, apart from the Higgs boson mass phenomenology.
In §4.2, we give mass eigenvalues of the Higgs bosons. We consider in §4.3 the parameter
tuning under all the restrictions. Section 5 is devoted to conclusion.
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§2. Brief review of a SU(2)L × SU(2)R × U(1)B−L × SU(3)c model and a
fine-tuning problem
In the SU(2)L × SU(2)R × U(1)B−L × SU(3)c model, lepton and quark fields belong to
SU(2)L or SU(2)R doublets according to their chirality. We write each field as
liL,R =
(
νiL,R
eiL,R
)
, qiL,R =
(
uiL,R
diL,R
)
, (2.1)
where each component of the quark fields belongs to SU(3)c triplets, and indices i = 1 ∼ 3
denote the generation. These fields also have U(1)B−L quantum numbers, where B and L
denote the baryon and lepton numbers, respectively.
Gauge bosons for the gauge symmetries SU(2)L, SU(2)R, U(1)B−L and SU(3)c are writ-
ten as WLµa, W
R
µa, Bµ and Gµa, respectively. We use the notation
W
L
µ = W
L
µa
σa
2
, WRµ = W
R
µa
σa
2
, Bµ, Gµ = Gµa
λa
2
, (2.2)
where σa (a = 1, 2, 3) and λa (a = 1 ∼ 8) are, respectively, Pauli and Gell-Mann matrices
normalized so that tr(σaσb) = 2δab and tr(λaλb) = 2δab. We use boldface for 2× 2 matrices
acting on SU(2) doublets.
To yield small masses for conventional neutrinos and heavy masses for right-handed
neutrinos through the seesaw mechanism, it is preferable to introduce the Higgs fields
Φ =
(
φ01 φ
+
1
φ−2 φ
0
2
)
, ∆L,R =
(
δ+L,R/
√
2 δ++L,R
δ0L,R −δ+L,R/
√
2
)
, (2.3)
where Φ is a bi-doublet of SU(2)L × SU(2)R and ∆L,R is a triplet of SU(2)L,R. 6), 7) The
U(1)B−L quantum numbers of Φ and ∆L,R are 0 and 2, respectively. These fields transform
according to
∆L,R → (U l∗B−L)2UL,R∆L,RUL,R†, (2.4)
Φ→ ULΦUR†, (2.5)
whereUL,R (U
l
B−L) is an element of the SU(2) (U(1)) transformations acting on the doublets
(lepton fields).
The L-R transformation of this model is defined by
liL ↔ liR , qiL ↔ qiR , ∆L ↔∆R , Φ↔ Φ†. (2.6)
The lagrangian of the model must be invariant under the gauge transformation and the L-R
transformation. The general lagrangian density for the fermion fields is
LF general = l¯Li(/∂ + ig1
1
2
/B − ig2 /WL)lL + (L ↔ R)
3
+q¯Li(/∂ − ig1 1
6
/B − ig2 /WL − ig3 /G)qL + (L ↔ R)
+LY , (2.7)
where
LY = −{(l¯LhlgΦlR + l¯Lh˜lgΦ˜lR + q¯LhqgΦqR + q¯Lh˜qgΦ˜qR) + (h.c.)}
−{(ilTLCσ2fg∆LlL + ilTRCσ2fg∆RlR) + (h.c.)} (2.8)
and Φ˜ = (iσ2)Φ
∗(iσ2)
†. Here, gk (k = 1 ∼ 3) are the gauge coupling constants of U(1)B−L,
SU(2)L,R and SU(3)c, respectively, and fg, h
l,q
g and h˜
l,q
g are fermion-Higgs Yukawa coupling
matrices having generation indices; hl,qg and h˜
l,q
g must be hermitian for the L-R symmetry
of the fermionic part of the lagrangian. For simplicity, we have omitted matrix indices
representing the generation. The general lagrangian density for boson fields is
LB general = −
1
4
(FBµνF
Bµν + FLµνaF
Lµνa + FRµνaF
Rµνa +GaµνG
aµν)
+tr|Dµ∆L|2 + tr|Dµ∆R|2 + tr|DµΦ|2
−Vgeneral, (2.9)
where
Dµ∆L,R = ∂µ∆L,R − ig1Bµ∆L,R − ig2[WL,Rµ ,∆L,R], (2.10)
DµΦ = ∂µΦ− ig2(WLµΦ−ΦWRµ ) (2.11)
and FBµν , F
L,R
µνa and Gµνa are field strengths of Bµ, W
L,R
µa and Gµa, respectively. Here, Vgeneral
is the most general Higgs potential of this model consisting of linearly independent terms:
according to Ref. 6), we write this as
Vgeneral =− µ21tr(Φ†Φ)− µ22{tr(Φ˜Φ†) + tr(Φ˜†Φ)}
− µ23{tr(∆L∆†L) + tr(∆R∆†R)}
+ λ1{tr(Φ†Φ)}2 + λ2[{tr(Φ˜Φ†)}2 + {tr(Φ˜†Φ)}2]
+ λ3tr(Φ˜Φ
†)tr(Φ˜†Φ)
+ λ4tr(Φ
†
Φ){tr(Φ˜Φ†) + tr(Φ˜†Φ)}
+ ρ1[{tr(∆L∆†L)}2 + {tr(∆R∆†R)}2]
+ ρ2{tr(∆L∆L)tr(∆†L∆†L) + tr(∆R∆R)tr(∆†R∆†R)}
+ ρ3tr(∆L∆
†
L)tr(∆R∆
†
R)
+ ρ4{tr(∆L∆L)tr(∆†R∆†R) + tr(∆†L∆†L)tr(∆R∆R)}
4
+ α1tr(Φ
†
Φ){tr(∆L∆†L) + tr(∆R∆†R)}
+ α2{tr(ΦΦ˜†)tr(∆R∆†R) + tr(Φ†Φ˜)tr(∆L∆†L)}
+ α∗2{tr(Φ†Φ˜)tr(∆R∆†R) + tr(ΦΦ˜†)tr(∆L∆†L)}
+ α3{tr(ΦΦ†∆L∆†L) + tr(Φ†Φ∆R∆†R)}
+ β1{tr(Φ∆RΦ†∆†L) + tr(Φ†∆LΦ∆†R)}
+ β2{tr(Φ˜∆RΦ†∆†L) + tr(Φ˜†∆LΦ∆†R)}
+ β3{tr(Φ∆RΦ˜†∆†L) + tr(Φ†∆LΦ˜∆†R)}. (2.12)
Here the coefficients other than α2 must be real to make the lagrangian hermitian and L-R
invariant.
Non-zero VEV of neutral Higgs fields break the gauge symmetry down to U(1)EM . We
write the VEV of the Higgs fields as
<∆L,R >0=
1√
2
(
0 0
vL,R 0
)
, < Φ >0=
1√
2
(
ǫ1 0
0 ǫ2
)
. (2.13)
To yield a phenomenologically desired mass for each particle,
|vL| ≪ |ǫ1,2| ≪ |vR| (2.14)
is required. 6), 7) Mass expressions of fermions and charged gauge bosons that are determined
by Eqs. (2.7), (2.9), (2.13) and (2.14) are
mei ≃ 1
2
√
2
∣∣∣hliǫ2 + h˜liǫ1∣∣∣ , (2.15)
mui ≃ 1
2
√
2
∣∣∣hqi ǫ1 + h˜qi ǫ2∣∣∣ , (2.16)
mdi ≃ 1
2
√
2
∣∣∣hqi ǫ2 + h˜qi ǫ1∣∣∣ , (2.17)
mνi
R
≃ 1√
2
|fivR| , (2.18)
mνi
L
≃ 1√
2
∣∣∣∣∣fivL − (hDi)
2ǫ2+
2fivR
∣∣∣∣∣ , (2.19)
m2WL ≃
1
4
g22ǫ
2
+, (2.20)
m2WR ≃
1
2
g22v
2
R, (2.21)
where we have used the definitions
f = 2fg, h
l,q = 2hl,qg , (h˜
l,q)T = 2h˜l,qg (2.22)
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and fi = (f)ii, h
l,q
i = (h
l,q)ii, h˜
l,q
i = (h˜
l,q)ii, hDi = (h
l
iǫ1 + h˜
l
iǫ2)/
√
2ǫ+ and ǫ
2
±
= ǫ21 ± ǫ22,
while ignoring the generation mixing. From this point, we refer to f , hl,q and h˜l,q as Yukawa
coupling matrices.
Next, we review a fine-tuning problem of the L-R symmetric model, which is derived
from a minimization condition of the Higgs potential and a phenomenological restriction on
the VEV of the Higgs fields. In general, if we choose α2, which is the only complex coupling
in the general Higgs potential, to be real, we can make all the VEV of the Higgs fields real.
In this case we obtain four non-trivial extremal conditions that determine a minimal point
of the potential: 6)
µ21 =
1
2ǫ2−
{2vLvR(β2ǫ21 − β3ǫ22) + (v2L + v2R)(α1ǫ2− − α3ǫ22)}
+ǫ2+λ1 + 2ǫ1ǫ2λ4, (2.23)
µ22 =
1
4ǫ2−
[vLvR{β1ǫ2− − 2ǫ1ǫ2(β2 − β3)}+ (v2L + v2R)(2α2ǫ2− + α3ǫ1ǫ2)]
+ǫ1ǫ2(2λ2 + λ3) +
λ4ǫ
2
+
2
, (2.24)
µ23 =
1
2
{α1ǫ2+ + 4α2ǫ1ǫ2 + α3ǫ22 + 2ρ1(v2L + v2R)}, (2.25)
β2 =
1
ǫ21
{−β1ǫ1ǫ2 − β3ǫ22 + (2ρ1 − ρ3)vLvR}. (2.26)
It is known that a serious problem comes from Eq. (2.26), which can be rewritten as
β1ǫ1ǫ2 + β2ǫ
2
1 + β3ǫ
2
2
(2ρ1 − ρ3)ǫ2+
=
vLvR
ǫ2+
, (2.27)
where the βi and the ρi are quartic Higgs self-coupling constants. If we set mWR to ≃ 1.4TeV
as a mass in an experimentally accessible energy range in the near future, 6) the value on
the right-hand side of this equation is restricted to∣∣∣∣∣vLvRǫ2+ −
h2D1
2f 21
∣∣∣∣∣ ≃
mν1
L
m2WR
2mν1
R
m2WL
< 10−8. (2.28)
To derive this, we have used Eqs. (2.15) ∼ (2.19) with
mν1
L
∼< 10 eV, (2.29)
mWL ≃ 80GeV, (2.30)
mν1
R
> 63GeV
(
1.6TeV
mWR
)4
, (2.31)
where inequality (2.31) arises from an experimental limit on the neutrinoless double-β decay.
6), 8) Substituting Eq. (2.27) into (2.28), we obtain a restriction on the Higgs self-coupling
6
constants and the Yukawa coupling constants,∣∣∣∣∣β1ǫ1ǫ2 + β2ǫ
2
1 + β3ǫ
2
2
(2ρ1 − ρ3)ǫ2+
− h
2
D1
2f 21
∣∣∣∣∣ < 10−8. (2.32)
Barring a highly tuned cancellation, this restriction requires both ρ1, ρ3 ≫ β1, β2, β3 and
2f 21 ≫ h2D1. Such hierarchical choices of the coupling constants are unnatural.
§3. SU(2)L × SU(2)R × U(1)B−L × SU(3)c model based on Sogami’s
method
To apply Sogami’s method to the L-R symmetric model, we use the following represen-
tations of fermion fields:
Ψ li = ( liL, l
ic
L , l
i
R, l
ic
R )
T , licL,R = iγ
2li∗L,R, (3.1)
Ψ qi = ( qiL, q
ic
L , q
i
R, q
ic
R )
T , qicL,R = iγ
2qi∗L,R, (3.2)
where {γµ, γν} = 2gµν and gµν = diag(1,−1,−1,−1). We define generalized covariant deriva-
tives in our model as operators acting on these fields:
Dlijµ = δ
ij∂µ − iδij
1,2∑
k
gkA
l(k)
µ +
i
4
γµA
l(0)ij , (3.3)
Dqijµ = δ
ij∂µ − iδij
1,2,3∑
k
gkA
q(k)
µ +
i
4
γµA
q(0)ij , (3.4)
where
Al(1)µ = −
1
2
Bµdiag(1,−1, 1,−1), (3.5)
Aq(1)µ =
1
6
Bµdiag(1,−1, 1,−1), (3.6)
Al(2)µ = A
q(2)
µ = diag(W
L
µ ,−WL∗µ ,WRµ ,−WR∗µ ), (3.7)
Aq(3)µ = diag(Gµ1,−G∗µ1, Gµ1,−G∗µ1), (3.8)
Al(0)ij = E


0 f†∆†L hlΦ 0
f∆L 0 0 h˜
l
Φ
hlΦ† 0 0 f†∆†R
0 h˜lΦ† f∆R 0


ij
E† + Clij, (3.9)
Aq(0)ijµ = E


0 0 hqΦ 0
0 0 0 h˜qΦ
hqΦ† 0 0 0
0 h˜qΦ† 0 0


ij
E† + Cqij (3.10)
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and E = diag(1, iσ2, 1, iσ2). The quantities Cl,qij are constant matrices. To make our bosonic
lagrangian hermitian, we restrict their forms to
Clij = diag(C lijP 1, C lijA 1, C lijP 1, C lijA 1), (3.11)
Cqij = diag(CqijLP1, CqijLA1, CqijRP1, CqijRA1), (3.12)
where each constituent is real. The gauge transformations of Al,q(k)µ (k = 1 ∼ 3) and Al,q(0)ij
are defined by
Al,q(k)µ → U l,qAl,q(k)µ U l,q† +
i
gk
U l,q(k)∂µU
l,q(k)†, (3.13)
Al,q(0)ij → U l,qAl,q(0)ijU l,q†, (3.14)
where
U l = U l(1)U l(2), (3.15)
U q = U q(1)U q(2)U q(3) (3.16)
and
U l(1) = diag(U lB−L, U
l∗
B−L, U
l
B−L, U
l∗
B−L), (3.17)
U q(1) = diag(U qB−L, U
q∗
B−L, U
q
B−L, U
q∗
B−L), (3.18)
U l(2) = U q(2) = diag(UL,U
∗
L,UR,U
∗
R), (3.19)
U q(3) = diag(Uc, U
∗
c , Uc, U
∗
c ) (3.20)
and Uc (U
q
B−L) is an element of the SU(3)c (U(1)B−L) transformations acting on the quark
fields.
The fermionic lagrangian density is defined by
LF =
l,q∑
X
1∼3∑
i,j
Ψ¯XiiγµDXijµ Ψ
Xj . (3.21)
Through an integration by parts, we obtain the general form of the fermionic lagrangian
density of the L-R symmetric model that contains fermion-Higgs Yukawa interactions. (See
Eqs. (2.7), (2.8) and (2.22).)
Generalized field strengths are defined by
Fˇ l,qµν = [D
l,q
µ , D
l,q
ν ], (3.22)
where we have omitted the matrix indices representing the generation. Their concrete forms
are given in Appendix A.
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Using Fˇ l,qµν , we define our bosonic lagrangian density as
LB = −1
4
{
l,q∑
X
S,V,A,T,P∑
t
ξtTr(Fˇ
X
µνΓtEδ¯X
1
Fˇ µνXΓ tEδX
1
)
+
l,q∑
X
S,V,A,T,P∑
t
ξtTr(Fˇ
X
µνσ
µνΓtEδ¯X
2
FˇρσXσ
ρσΓ tEδX
2
)
+
l,q∑
X
1
6i
(TrEηX
1
σµνFˇXµν)
1
6i
(TrEηX
2
σµνFˇXµν)
+
1
6i
(TrEηl
3
σµνFˇ lµν)
1
6i
(TrEηq
3
σµνFˇ qµν)
+
l,q∑
X
1
6i
(TrEηX
4
σµνFˇXµν)}, (3.23)
where Tr denotes the trace with respect to all matrix indices and t = (S, V, A, T, P ) corre-
sponds to Γt = (1c, γµ, γ
5γµ, σµν , γ
5), respectively.∗) Further, the ξt and
EδXa = diag (δ
X
Pa1, δ
X
Aa1, δ
X
Pa1, δ
X
Aa1), (a = 1, 2) (3.24)
Eδ¯Xa = diag (δ¯
X
Pa1, δ¯
X
Aa1, δ¯
X
Pa1, δ¯
X
Aa1), (a = 1, 2) (3.25)
Eηla = diag(η
l
Pa1, η
l
Aa1, η
l
Pa1, η
l
Aa1), (a = 1 ∼ 4) (3.26)
Eηqa = diag (η
q
LPa1, η
q
LAa1, η
l
RPa1, η
q
RAa1) (a = 1 ∼ 4) (3.27)
are constants and constant matrices, respectively. To obtain LB as a hermitian invariant
under the gauge and L-R transformation, we assume that these matrices are real and her-
mitian, respectively. Note that, in general, the δ, the δ¯ and the η in Eqs. (3.24) ∼ (3.27)
may have matrix structures for the generation indices. We shall assume that the δ and the
δ¯ are proportional to the unit matrix in §3. According to Ref. 2), we also define the new
parameters α, β and κ related to the following summations:
∑
t
ξtΓtσµνΓ
t = ασµν ,
∑
t
ξtΓtγµΓ
t = βγµ,
∑
t
ξtΓt1cΓ
t = κ1c, (3.28)
where we do not require the positivity of these parameters. In the construction of LB,
for generality, we have added several terms of σµνFˇXµν , which have an effect on the Higgs
potential.
To obtain the correct coefficients of the kinetic terms of the gauge and Higgs fields, we
require the following conditions:
−1
4
= g21{κtr(δlP1δ¯lP1 + δlA1δ¯lA1 +
1
9
δqP1δ¯
q
P1 +
1
9
δqA1δ¯
q
A1)
∗) 1c denotes the unit matrix in the space of 4-spinors and σµν = i[γµ, γν ]/2. We also define Γ
t =
(1c, γ
µ, γ5γµ, σµν , γ5).
9
+2αtr(δlP2δ¯
l
P2 + δ
l
A2δ¯
l
A2 +
1
9
δqP2δ¯
q
P2 +
1
9
δqA2δ¯
q
A2)}, (3.29)
−1
4
=
g22
2
{κtr(δlP1δ¯lP1 + δlA1δ¯lA1 + δqP1δ¯qP1 + δqA1δ¯qA1)
+2αtr(δlP2δ¯
l
P2 + δ
l
A2δ¯
l
A2 + δ
q
P2δ¯
q
P2 + δ
q
A2δ¯
q
A2)}, (3.30)
−1
4
= 2g23{κtr(δqP1δ¯qP1 + δqA1δ¯qA1) + 2αtr(δqP2δ¯qP2 + δqA2δ¯qA2)}, (3.31)
1
β
=
3
4
tr(hlδ¯lP1h
lδlP1 + h˜
lδ¯lA1h˜
lδlA1 + h
q δ¯qP1h
qδqP1 + h˜
q δ¯qA1h˜
qδqA1)
−9
2
tr(hlδ¯lP2h
lδlP2 + h˜
lδ¯lA2h˜
lδlA2 + h
q δ¯qP2h
qδqP2 + h˜
q δ¯qA2h˜
qδqA2), (3.32)
1
β
=
3
8
tr(f δ¯lP1f
†δlA1 + f†δ¯lA1fδlP1)−
9
4
tr(f δ¯lP2f
†δlA2 + f†δ¯lA2fδlP2). (3.33)
Under these conditions, LB have the same structure as the general form of the L-R symmetric
model, except the Higgs potential. (See Eqs. (2.9) and (2.12).) Our Higgs potential excludes
several terms in comparison with the general form of the Higgs potential of Eq. (2.12), i. e.,
µ2 = λ2 = λ4 = ρ4 = α2 = β2 = β3 = 0. (3.34)
Non-zero coefficients are expressed in terms of the Yukawa coupling constants and several
parameters introduced in the construction of LB. We give them in Appendix B. Our Higgs
potential also contains a constant term that is excluded in Eq. (2.12).
In the remaining part of this section, we consider the fine-tuning problem of the Higgs
self-coupling constants in our model. In our model, the βi and the ρi are expressed in terms
of the Yukawa coupling constants and several parameters introduced in LB. If we assume
the conditions
δl,qPa = δ
l,q
Aa ≡ δl,qa 1g, δ¯l,qPa = δ¯l,qAa ≡ δ¯l,qa 1g, (a = 1, 2) (3.35)
where 1g denotes the unit of the matrices for the generation indices and δ
l,q
a and δ¯
l,q
a are
constant numbers, we obtain
β1ǫ1ǫ2 + β2ǫ
2
1 + β3ǫ
2
2
(2ρ1 − ρ3)ǫ2+
=
ǫ1ǫ2
ǫ2+
tr(fhlf†h˜l)
tr{(ff†)2}
. (3.36)
This equation implies that in our model, Eqs. (2.27) and (2.28) yield a restriction on Yukawa
coupling constants: ∣∣∣∣∣∣
ǫ1ǫ2
ǫ2+
tr(fhlf†h˜l)
tr{(ff†)2}
− h
2
D1
2f 21
∣∣∣∣∣∣ < 10−8. (3.37)
Therefore, under the simple conditions of Eq. (3.35), the fine-tuning of the Higgs self-coupling
constants is reduced to the tuning of the Yukawa coupling constants. This is the main result
10
of this paper. Note that the first and second term on the left-hand side of Eq. (3.37) have the
same structure, i. e., (hli)
2/(fi)
2, roughly speaking. Barring a highly tuned cancellation, this
inequality requires fi ≫ hli, h˜li. As we shall discuss later, such a relation among the Yukawa
coupling constants is a condition resulting in a heavy mass of the right-handed neutrino.
§4. Consistency of restrictions and Higgs boson masses
4.1. Minimization conditions and normalization conditions
In the previous section, we analyzed only one minimization condition of Eq. (2.26).
Usually, remaining minimization conditions Eqs. (2.23) ∼ (2.25) are regarded as determining
quadratic Higgs self-coupling constants µ1, µ2 and µ3.
6) In our model, however, we must
be more careful to use these conditions since the quadratic coupling constants are functions
of the Yukawa coupling constants and the parameters introduced in LB. In addition to the
minimization conditions, we also have five conditions, Eqs. (3.29) ∼ (3.33), to normalize
the kinetic terms of the gauge and Higgs fields. Furthermore, phenomenology of the Higgs
boson masses will add several restrictions on the parameters of our model. In this subsection,
we check the consistency among the parameter restrictions derived from the minimization
conditions and normalization conditions.
Equations (2.23) and (2.25) of minimization conditions lead to complicated relations
among many parameters containing ηl,qa (a = 1 ∼ 4) and C l,qL,R A,P . (See Eqs. (C.1) and (C.2)
in Appendix C.) We can use these to determine ηl4 and η
q
4; there are no more restrictions on
these two parameters. On the other hand, with Eq. (2.28), Eq. (2.24) lead to∣∣∣∣∣ǫ1ǫ2ǫ2+
1
tr(fhlf†h˜l)
[
v2L + v
2
R
ǫ2−
tr{f†f(hl)2 − ff†(h˜l)2}+ tr{(hl)4 + (h˜l)4}
−(α/κ)q1 + 12q2
(α/κ)l1 + 12l2
tr{(hq)4 + (h˜q)4}]− h
2
D1
2f 21
∣∣∣∣∣ < 10−8, (4.1)
where l1 = δ
l
1δ¯
l
1, l2 = δ
l
2δ¯
l
2, q1 = δ
q
1 δ¯
q
1 and q2 = δ
q
2 δ¯
q
2. Note that the left-hand sides of
this equation, other than the term proportional to tr{f†f(hl)2 − ff†(h˜l)2}, has a structure
similar to the left-hand sides of Eq. (3.37), namely (hl,qi )
2/(fi)
2, roughly speaking.
Further, by taking several linear combinations of the normalization conditions Eqs. (3.29)
∼ (3.33), we obtain the following independent restrictions:
q1 + 2(α/κ)q2
l1 + 2(α/κ)l2
= −9 − 36 sin
2θW
9 − 20 sin2θW , (4
.2)
l1 − 6l2
q1 − 6q2 =
tr{(hq)2 + (h˜q)2}
tr{f†f − (hl)2 − (h˜l)2}
, (4.3)
11
κ = −[12g22{l1 + q1 + 2(α/κ)(l2 + q2)}]−1, (4.4)
β =
4
3
{tr(f†f)(l1 − 6l2)}−1, (4.5)
(
g3
g2
)2 =
1
4
{1 + l1 + 2(α/κ)l2
q1 + 2(α/κ)q2
}, (4.6)
where θW is the Weinberg angle defined by g
2
1/g
2
2 = sin
2θW/cos2θW for the L-R symmetric
model. 7) We can use these restrictions to decrease the independent numbers of parameters
as follows. The last three equations (4.4) ∼ (4.6) can be used to determine κ, β and (g3/g2)2,
respectively, none of which is contained in any other restrictions.∗) Moreover, Eqs. (4.2)
and (4.3) can be used to determine α/κ and l2; we shall eliminate these two parameters from
the other restrictions. Here we note that (g3/g2)
2 can be determined by the Weinberg angle.
Substituting Eq. (4.2) into Eq. (4.6), we obtain
(
g3
g2
)2 = −9− 36 sin
2θW
9− 20 sin2θW , (4
.7)
which implies sin2θW > 0.25 for a positive (g3/g2)
2. We can adopt the point of view that
parameter restrictions given by Sogami’s method, such as Eqs. (4.2) ∼ (4.6), (3.34) and
(B.1) ∼ (B.10), are tree level restrictions that hold at a certain energy scale µ0. 11) Then,
using the restrictions as initial conditions at µ0, we can study the evolution under the renor-
malization group of parameters. In this paper, however, we do not do the renormalization
group analysis, and continue our discussion using the tree level restrictions together with
the minimization conditions of the tree level Higgs potential.
Thus, remaining restrictions are Eqs. (3.37) and (4.1), under which we shall determine the
independent parameters l1, q1 and q2 and Yukawa coupling constants. Before we determine
independent parameters and Yukawa coupling constants, let us decrease the independent
numbers of Yukawa coupling constants using fermion mass expressions and their experimen-
tal values. For this purpose, in advance, we consider a condition of the Yukawa coupling
constants ensuring the validity of Eqs. (3.37) and (4.1). Note that unless there are highly
tuned cancellations on the left-hand sides of Eqs. (3.37) and (4.1), these equations may be
satisfied in such a way: fi ≫ hl,qi , h˜l,qi and hli − h˜li ≃ 0. Thus, in this subsection, we assume
that the hli and h˜
l
i are diagonal matrices satisfying
hli = h˜
l
i, (4.8)
under which the term proportional to tr{f†f(hl)2−ff†(h˜l)2} of Eq. (4.1) vanishes. Further,
from this point, we set
ǫ1
ǫ2
= 10. (4.9)
∗) As independent parameters, we use α/κ and κ instead of α and κ.
12
Under Eqs. (4.8) and (4.9), we obtain
hq3
h˜q3
= −339
30
or − 401
50
,
∣∣∣∣∣h
q
3
hl3
∣∣∣∣∣ ≃ 110∗) (4.10)
for mu3/md3 = 40 and me3/md3 = 2/5. We have used Eqs. (2.15) ∼ (2.17) and mWR ≃
1.4TeV neglecting the generation mixings, and considered only to the third generations,
since they are dominant in hl,q as tr{(hl)2}/(hl3)2 − 1 < 10−2. Owing to Eqs. (4.8) and
(4.10), there is only one independent Yukawa coupling constant among hl3, h˜
l
3, h
q
3 and h˜
q
3; we
choose hl3 as this constant.
Now, let us determine the parameter regions of l1, q1 and q2 and the Yukawa coupling
constants under Eqs. (3.37) and (4.1). First, we rewrite Eqs. (3.37) and (4.1) in terms of the
independent parameters by using Eqs. (4.2) and (4.3) in the forms of
α
κ
≃ − q1 + l1/7
2(q2 + l2/7)
, (4.11)
l2 ≃ 1
6
{l1 − 105 (h
l
3)
2
|f3|2
q1 − 6q2
8
}, (4.12)
where we have used the numerical value sin2θW ≃ 0.232. By assuming the third generation
dominance in f and that each term on the left-hand sides of Eqs. (3.37) and (4.1) is of order
10−8, we obtain
x < O(10−7) , x ≡ (h
l
3)
2
|f3|2 , (4
.13)
∣∣∣∣∣q1(q1 + l1/7)− 4q2(6q2 + l1/7)l1(q1 − 4q2 + l1/21)
∣∣∣∣∣ < O(10−15x−1) (4.14)
for a region of 6q2− q1 ≪ 103. Equation (4.13) gives a lower bound of mν3
R
/mWR because of
the relation
x ≃ 1.7m
2
e3m
2
WR
m2
ν3
R
m2WL
, (4.15)
which is obtained from mass expressions of Eqs. (2.15) ∼ (2.21) and Eq. (4.8). In particular,
for mWR ≃ 1.4TeV, we obtain
mν3
R
> 105GeV (4.16)
by using me3/mWL ≃ 2.3×10−2. A small x also leads to a large upper bound of the left-hand
side of Eq. (4.14), which allows large regions of l1, q1 and q2. If we set mν3
R
to a mass of the
intermediate scale in GUT-breaking scenarios, 9) e. g., 1013GeV, we will obtain O(x) ∼ 10−23
from Eq. (4.15). Then Eq. (4.14) requires no fine-tuning.
∗) The resultant value of
∣∣hq3/hl3∣∣ is sensitive to the choice of hq3/h˜q3. However, the above two values of
hq3/h˜
q
3 lead to the same result in the approximation under consideration.
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4.2. Higgs boson masses
Under the minimization conditions and normalization conditions, we were able to de-
termine the parameters of our model without fine-tuning by requiring the right-handed tau
neutrino mass to be sufficiently heavy. In this subsection, we give expressions of the Higgs
boson masses, and in the next subsection, we consider tuning of parameters taking phe-
nomenology of the Higgs boson masses into account.
To obtain expressions for the Higgs boson masses, we use the general forms of mass square
matrices MRe, M Im, M+ and M++ given in Appendix of Ref. 6), which correspond to the
bases {φ0r1 , φ0r2 , δ0rR , δ0rL }, {φ0i1 , φ0i2 , δ0iR , δ0iL }, {φ+1 , φ+2 , δ+R , δ+L } and {δ++R , δ++L }, respectively.∗)
Under the conditions of Eq. (3.35), respective eigenvalues of the mass matrices become∗∗)
MRe : m2H , m
2
Re1, m˜
2
H , m
2
Re2, (4.17)
M Im : m2H , 0, 0, 0, (4.18)
M+ : m2H , m
2
+, 0, 0, (4.19)
M++ : m2H , m
2
H , (4.20)
where
m2H =
3
8
(αl1 + 12κl2)v
2
Rtr{(f†f)2}, (4.21)
m2Re1 =
3
2
(αl1 + 12κl2)
ǫ21ǫ
2
2
ǫ2+
v2R
ǫ2−
tr{(hl)2f†f − (h˜l)2ff†}, (4.22)
m2+ =
3
8
(αll + 12κl2)ǫ
2
+
v2R
ǫ2−
tr{(hl)2f†f − (h˜l)2ff†}, (4.23)
m˜2H ≃ 2v2R(|f3|2)2{ηl1ηl2 −
3
8
(αl1 + 12κl2)}, (4.24)
m2Re2 ≃ 2ǫ2+(hq3)4{ηq1ηq2 −
3
8
(αq1 + 12κq2)−
1
4(η
l
3η
q
3)
2
ηl1η
l
2 − 38(αl1 + 12κl2)
}. (4.25)
These expressions are only the leading terms obtained under the third generation dominance
in the Yukawa coupling matrices and several conditions mentioned below.
First, we have used Eq (2.14). In particular, we have set vL to zero in M
Re before calcu-
lation of its eigenvalues. We have also dropped a term proportional to vL in the expression
of m2+. Second, we have used the inequalities
α3 ≪ λ1 ≪ α1 ≪ ρ1, ρ2. (4.26)
∗) We have used definitions such as φ01 = (φ
0r
1 + iφ
0i
1 )/
√
2.
∗∗) We derived these results with the aid of MATHEMATICA.
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These inequalities are understood in terms of the concrete expressions of each parameter
given in Appendix B. Under the condition of Eq. (3.35), they reduce to
α3 =
3
4
(αl1 + 12κl2)tr{(hl)2f†f − (h˜)2ff†}, (4.27)
λ1 ≃ −{3
8
(αq1 + 12κq2)− ηq1ηq2}(hq3)4
−{3
4
(αl1 + 12κl2)− 4ηl1ηl2}(hl3)4 − 2ηl3ηq3(hl3hq3)2, (4.28)
α1 ≃ |f3|2[ηl3ηq3(hq3)2 − {
3
4
(αl1 + 12κl2)− 4ηl1ηl2}(hl3)2], (4.29)
ρ1 ≃ −(|f3|2)2{3
8
(αl1 + 12κl2)− ηl1ηl2}, (4.30)
ρ2 =
3
16
(αl1 + 12κl2)tr{(f†f)2}. (4.31)
If we choose appropriate values for αq1+12κq2 and undetermined parameters η
l,q
a (a = 1 ∼ 3),
these expressions explain the inequalities (4.26), except the reason for the fact that α3 is the
smallest parameter, due to Eqs. (4.10) and (4.13). The maximally small nature of α3, as
expressed in the inequalities (4.26) is derived from a condition that makes Eq. (4.1) hold.
The condition of Eq. (4.8) leads to α3 = 0. Since the vanishing of α3 gives rise to the
unpleasant result m2Re1 = m
2
+ = 0, we modify Eq. (4.8) to
v2R
ǫ2−
tr{(hl)2f†f − (h˜l)2ff†} ≃ tr{(hl)4 + (h˜l)4} (4.32)
to obtain non-zero α3 with the inequalities (4.26). In this case, Eqs. (3.37) and (4.1) yield
(h˜l3)
2/(hl3)
2 − 1 ∼ O(10−9) together with Eq. (4.13). The small difference between hl and h˜l
does not affect the analyses that we have done using Eq. (4.8) in the previous subsection.
Finally, to obtain the expression of Eq. (4.25) from the result of calculation of m2Re2, we have
chosen ηl,qa (a = 1 ∼ 3) so that Eq. (4.10) retains dominance of the term proportional to
(hq3)
4 in the expression of m2Re2.
4.3. Higgs boson masses and parameter tuning
We can reduce each mass expression of Eqs. (4.21) ∼ (4.25) to
m2Re1 ≃ (m+/5)2 ≃ 3.3× 10−1
m4e3
m2WL
g22(αl1 + 12κl2), (4.33)
m2H ≃
3
4
m4
ν3
R
m2WR
g22(αl1 + 12κl2), (4.34)
m˜2H ≃ 4
m4
ν3
R
m2WR
g22{ηl1ηl2 −
3
8
(αl1 + 12κl2)}, (4.35)
15
m2Re2 ≃ 3.4× 101
m4u3
m2WL
g22{ηq1ηq2 −
3
8
(αq1 + 12κq2)
−
1
4
(ηl3η
q
3)
2
ηl1η
l
2 − 38(αl1 + 12κl2)
}, (4.36)
by using Eqs. (4.9), (4.10),∗) (4.32) and (2.15) ∼ (2.21). With the phenomenology of the
Higgs boson masses given in the following, these expressions lead to several restrictions on
the independent parameters l1, q1, q2, x and η
l,q
a (a = 1 ∼ 3).
First, mRe1 ∼> 10TeV is necessary for the suppression of the effect of flavor-changing
neutral currents (FCNC) of quarks since the eigenstate of m2Re1, (ǫ1φ
0r
2 − ǫ2φ0r1 )/ǫ+, can
couple to them. 6), 10) Therefore, with m4e3/m
2
WL
≃ 1.6× 10−3(GeV)2, Eq. (4.33) leads to
g22(αl1 + 12κl2) ∼> 1.9× 1011. (4.37)
Substituting Eqs. (4.4), (4.11) and (4.12) into this inequality, we obtain the new restriction
q1 + l1/7− 2(6q2 − q1)
6q2 − q1 ∼
> 2.0× 1012. (4.38)
Second, by setting the upper bound of mH to 10
19GeV and using mWR ≃ 1.4TeV, we
obtain
mν3
R
∼< 1.9× 108GeV (4.39)
from Eqs. (4.34) and (4.37). Owing to Eq. (4.15), this inequality gives
x ∼> 4.7× 10−14. (4.40)
Third, from Eqs. (4.35) and (4.36), we can obtain two restrictions on ηl,qa (a = 1 ∼ 3).
We shall consider these restrictions after consideration of tuning of l1, q1, q2 and x.
Now, let us consider the tuning of l1, q1, q2 and x under all the restrictions, Eqs. (4.13),
(4.14), (4.38) and (4.40). Equations (4.13) and (4.40) yield the following range of x:
O(10−7) > x > O(10−14), (4.41)
which corresponds to
O(105)GeV < mν3
R
< O(108)GeV. (4.42)
Equations (4.14), (4.38) and (4.40) require highly tuned cancellations or hierarchical tuning
of the parameters. For example, if we put x ∼ O(10−13), we can have
l1 ∼ O(1), (4.43)
q1 ∼ O(10−2), (4.44)
0 < 6q2 − q1 ∼< O(10−13). (4.45)
∗) Whichever of the values we choose for h˜q3/h
q
3, we obtain the same result in the approximation under
consideration.
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The small difference between 6q2 and q1 is important since it determines the mass of the
FCNC coupling Higgs boson mRe1 (6q2 − q1 → 0 corresponds to mRe1 →∞.); such a choice
of q1 and q2 is fine-tuning.
Finally, let us tune ηl,qa (a = 1 ∼ 3) in Eqs. (4.35) and (4.36). We can show that
each eigenstate of m˜2H and m
2
Re2 is a combination of (ǫ1φ
0r
1 + ǫ2φ
0r
2 )/ǫ+ and δ
0r
R . The state
(ǫ1φ
0r
1 + ǫ2φ
0r
2 )/ǫ+ is an analogue of the standard model Higgs boson state
6) and is dominant
over the eigenstate of m2Re2. Thus, we should set
mRe2 ∼ O(102GeV). (4.46)
On the other hand, by using Eqs. (4.4), (4.11), (4.12) and (4.43) ∼ (4.45), we obtain
g22(αq1 + 12κq2) ≃
7q1(q1 + l1/7)
72l1(6q2 − q1) > O(10
9). (4.47)
Equations (4.46) and (4.47) require a cancellation on the right-hand sides of Eq. (4.36). As
a possible tuning, we set
ηl1η
l
2 ≡
9
16
(αl1 + 12κl2), (4.48)
ηq1η
q
2 ≡
9
16
(αq1 + 12κq2), (4.49)
ηl3η
q
3 ≡
3
8
{(αl1 + 12κl2)(αq1 + 12κq2)(1− ξ)} 12 , (4.50)
where ξ is a parameter determined.∗) In this case, Eqs. (4.35) and (4.36) become
m˜2H ≃ m2H , (4.51)
m2Re2 ≃ 6.4
m4u3
m2WL
ξg22(αq1 + 12κq2), (4.52)
respectively. Substituting Eqs. (4.46) and (4.47) into Eq. (4.52) and using m4u3/m
2
WL
≃ 1.5× 105 (GeV)2, we obtain
0 < ξ ∼< O(10−11). (4.53)
This implies the necessity of fine-tuning of ηl,qa (a = 1 ∼ 3).
Now, two zero eigenvalue states ofM+ andM Im correspond to Nambu-Goldstone bosons
coming from gauge symmetry breaking, respectively. 6) However, one more zero eigenvalue
state ofM Im belongs to the physical Higgs bosons. Exclusion of such a massless Higgs boson
and the fine-tuning such as Eqs. (4.43) ∼ (4.45) and (4.53) are remaining problems, which
should be solved in the future.
∗) If respective values of g22(αl1 + 12κl2), g
2
2(αq1 + 12κq2) and η
l,q
a (a = 1 ∼ 3) are of the same order,
inequalities (4.26) hold, and the expression of Eq. (4.25) is valid. Equations (4.37), (4.47), (4.48) ∼ (4.50)
allow for such values.
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§5. Conclusion
We have studied an application of Sogami’s generalized covariant derivative method to a
SU(2)L × SU(2)R ×U(1)B−L × SU(3)c model, and the minimization condition of the Higgs
potential is discussed in detail within the framework of classical theory.
We have shown that a restriction, which has been known as the restriction requiring fine-
tuning of Higgs-self-coupling constants, can be reduced to a condition of Yukawa coupling
constants giving a heavy mass of the right-handed tau neutrino. We have also discussed
the consistency among the parameter restriction derived from the minimization conditions
and the normalization conditions for kinetic terms. Then by setting the mass of the right-
handed tau neutrino to be sufficiently heavy, we could determine those parameters without
fine-tuning.
However, we have encountered problems: First, if we attempt to assign the order of
∼> 10TeV and 102GeV, respectively, to the masses of a FCNC Higgs boson and the ana-
logue of the standard model Higgs boson, we need fine-tuning. Second, after the tuning of
parameters, there still remains a massless neutral Higgs boson. This massless Higgs boson
can be understood in the following sense: Except for the Yukawa interaction term LY , our
lagrangian has a global U(1) symmetry such as Φ→ eiθΦ. A breaking of this symmetry by
the non-zero VEV of Φ leads to a NG boson in the LY -excepted system. Since the presence
of LY does not affect the Higgs boson masses at the tree level, such a zero mass state will
also appear in the full lagrangian system.
We note that if we consider our lagrangian to be the bare lagrangian, the renomalizability
of our model is not trivial, since our Higgs potential lacks several terms allowed by the
symmetry and some coupling constants are not independent of each other. As mentioned in
§4, we can adopt the point of view that the parameter restrictions of our model are the tree
level restrictions that hold at a certain energy scale. 11) Then we can study a renormalization
group analysis of parameters of our model. The above problems should be discussed in a
future work with this analysis.
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Appendix A
Generalized Field Strengths
We give generalized field strengths of our model. With decomposition such as
Fˇ lµν = −i
1,2∑
k
gkF
l(k)
µν +
i
4
F l(0)µν , (A.1)
Fˇ qµν = −i
1,2,3∑
k
gkF
q(k)
µν +
i
4
F q(0)µν , (A.2)
we obtain
F l(1)µν = −
1
2
diag(FBµν1,−FBµν1, FBµν1,−FBµν1)⊗ 1g ⊗ 1c, (A.3)
F q(1)µν =
1
6
diag(FBµν1,−FBµν1, FBµν1,−FBµν1)⊗ 1g ⊗ 1c, (A.4)
F l(2)µν = F
q(2)
µν = diag(F
L
µν ,−FL∗µν ,FRµν ,−FR∗µν )⊗ 1g ⊗ 1c, (A.5)
F q(3)µν = diag(Gµν1,−G∗µν1, Gµν1,−G∗µν1)⊗ 1g ⊗ 1c, (A.6)
F l,q(0)µν = γνDµA
l,q(0) − γµDνAl,q(0) + 1
2
σµν(A
l,q(0))2, (A.7)
where
DµA
l(0) = E


0 f†(Dµ∆L)† hlDµΦ 0
fDµ∆L 0 0 h˜
lDµΦ
hl(DµΦ)
† 0 0 f†(Dµ∆R)†
0 h˜l(DµΦ)
† fDµ∆R 0

 E
†,
DµA
q(0) = E


0 0 hqDµΦ 0
0 0 0 h˜qDµΦ
hq(DµΦ)
† 0 0 0
0 h˜q(DµΦ)
† 0 0

 E
†,
(Al,q(0))2 = E
(
(Al,q(0))2LL (A
l,q(0))2LR
(Al,q(0))2RL (A
l,q(0))2RR
)
E†
and
(Al(0))2LL =
(
f†f∆†L∆L + (hl)2ΦΦ† + (C lLP )21 , (C lLPf† + f†C lLA)∆†L
(fC lLP + C
l
LAf)∆L , ff
†
∆L∆
†
L + (h˜
l)2ΦΦ† + (C lLA)21
)
,
(Al(0))2RR =
(
f†f∆†R∆R + (hl)2Φ†Φ+ (C lRP )21 , (C lRPf† + f†C lRA)∆†R
(fC lRP + C
l
RAf)∆R , ff
†
∆R∆
†
R + (h˜
l)2Φ†Φ+ (C lRA)21
)
,
(Al(0))2LR =
(
(C lLPh
l + hlC lRP )Φ f
†h˜l∆†LΦ+ hlf†Φ∆†R
fhl∆LΦ+ h˜
lfΦ∆R (C
l
LAh˜
l + h˜lC lRA)Φ
)
,
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(Al(0))2RL =
(
(hlC lLP + C
l
RPh
l)Φ† fhl∆†LΦ+ hlf†Φ∆†R
(f†h˜l∆†LΦ+ hlf†Φ∆†R)† (h˜lC lLA + C lRAh˜l)Φ†
)
,
(Aq(0))2LL =
(
(hq)2ΦΦ† + (CqLP )21 0
0 (h˜q)2ΦΦ† + (CqLA)21
)
,
(Aq(0))2RR =
(
(hq)2Φ†Φ+ (CqRP )21 0
0 (h˜q)2Φ†Φ+ (CqRA)21
)
,
(Aq(0))2LR =
(
(CqLPh
q + hqCqRP )Φ 0
0 (CqLAh˜
q + h˜qCqRA)Φ
)
,
(Aq(0))2RL =
(
(hqCqLP + C
q
RPh
q)Φ† 0
0 (h˜qCqLA + C
q
RAh˜
q)Φ†
)
.
Appendix B
Higgs Self-Coupling Constants
Here we give the non-vanishing Higgs self-coupling constants of our model.
−µ21 = −
3
16
αtr[2{(C lP )2δ¯lP1(hl)2δlP1 + (C lP )2δlP1(hl)2δ¯lP1
+(C lA)
2δ¯lA1(h˜
l)2δlA1 + (C
l
A)
2δlA1(h˜
l)2δ¯lA1}
+2{(C lPhl + hlC lP )δ¯lP1(C lPhl + hlC lP )δlP1
+(C lAh˜
l + h˜lC lA)δ¯
l
A1(C
l
Ah˜
l + h˜lC lA)δ
l
A1}
+{(hq)2δ¯qP1(CqLP )2δqP1 + (CqLP )2δ¯qP1(hq)2δqP1
+(h˜q)2δ¯qA1(C
q
LA)
2δqA1 + (C
q
LA)
2δ¯qA1(h˜
q)2δqA1}
+{(hq)2δ¯qP1(CqRP )2δqP1 + (CqRP )2δ¯qP1(hq)2δqP1
+(h˜q)2δ¯qA1(C
q
RA)
2δqA1 + (C
q
RA)
2δ¯qA1(h˜
q)2δqA1}
+{(CqLPhq + hqCqRP )δ¯qP1(CqRPhq + hqCqLP )δqP1
+(CqLAh˜
q + h˜qCqRA)δ¯
q
A1(C
q
RAh˜
q + h˜qCqLA)δ
q
A1}
+{(CqLPhq + hqCqRP )δqP1(CqRPhq + hqCqLP )δ¯qP1
+(CqLAh˜
q + h˜qCqRA)δ
q
A1(C
q
RAh˜
q + h˜qCqLA)δ¯
q
A1}]
−9
4
κtr[2{(C lP )2δ¯lP2(hl)2δlP2 + (C lP )2δlP2(hl)2δ¯lP2
+(C lA)
2δ¯lA2(h˜
l)2δlA2 + (C
l
A)
2δlA2(h˜
l)2δ¯lA2}
+2{(C lPhl + hlC lP )δ¯lP2(C lPhl + hlC lP )δlP2
+(C lAh˜
l + h˜lC lA)δ¯
l
A2(C
l
Ah˜
l + h˜lC lA)δ
l
A2}
+{(hq)2δ¯qP2(CqLP )2δqP2 + (CqLP )2δ¯qP2(hq)2δqP2
+(h˜q)2δ¯qA2(C
q
LA)
2δqA2 + (C
q
LA)
2δ¯qA2(h˜
q)2δqA2}
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+{(hq)2δ¯qP2(CqRP )2δqP2 + (CqRP )2δ¯qP2(hq)2δqP2
+(h˜q)2δ¯qA2(C
q
RA)
2δqA2 + (C
q
RA)
2δ¯qA2(h˜
q)2δqA2}
+{(CqLPhq + hqCqRP )δ¯qP2(CqRPhq + hqCqLP )δqP2
+(CqLAh˜
q + h˜qCqRA)δ¯
q
A2(C
q
RAh˜
q + h˜qCqLA)δ
q
A2}
+{(CqLPhq + hqCqRP )δqP2(CqRPhq + hqCqLP )δ¯qP2
+(CqLAh˜
q + h˜qCqRA)δ
q
A2(C
q
RAh˜
q + h˜qCqLA)δ¯
q
A2}]
+2[tr{ηlP1(hl)2 + ηlA1(h˜l)2}tr{ηlP2(C lP )2 + ηlA2(C lA)2}
+tr{ηlP1(C lP )2 + ηlA1(C lA)2}tr{ηlP2(hl)2 + ηlA2(h˜l)2}]
+
1
2
[tr{ηqLP1(hq)2 + ηqLA1(h˜q)2 + ηqRP1(hq)2 + ηqRA1(h˜q)2}
·tr{ηqLP2(CqLP )2 + ηqLA2(CqLA)2 + ηqRP2(CqRP )2 + ηqRA2(CqRA)2}
+tr{ηqLP2(hq)2 + ηqLA2(h˜q)2 + ηqRP2(hq)2 + ηqRA2(h˜q)2}
·tr{ηqLP1(CqLP )2 + ηqLA1(CqLA)2 + ηqRP1(CqRP )2 + ηqRA1(CqRA)2}]
+tr{ηlP3(hl)2 + ηlA3(h˜l)2}
·tr{ηqLP3(CqLP )2 + ηqLA3(CqLA)2 + ηqRP3(CqRP )2 + ηqRA3(CqRA)2}
+tr{ηlP3(C lP )2 + ηlA3(C lA)2}
·tr{ηqLP3(hq)2 + ηqLA3(h˜q)2 + ηqRP3(hq)2 + ηqRA3(h˜q)2}
+
1
2
tr{ηlP4(hl)2 + ηlA4(h˜l)2}
+tr{ηqLP4(hq)2 + ηqLA4(h˜q)2 + ηqRP4(hq)2 + ηqRA4(h˜q)2}, (B.1)
−µ23 = −
3
16
αtr{(C lP )2δ¯lP1f†fδlP1 + (C lP )2δlP1f†f δ¯lP1
+(C lA)
2δ¯lA1ff
†δlA1 + (C lA)2δlA1ff†δ¯lA1
+(f†C lA + C lPf†)δ¯lA1(C lAf + fC lP )δlP1
+(f†C lA + C lPf†)δlA1(C lAf + fC lP )δ¯lP1}
−9
4
κtr{(C lP )2δ¯lP2f†fδlP2 + (C lP )2δlP2f†f δ¯lP2
+(C lA)
2δ¯lA2ff
†δlA2 + (C lA)2δlA2ff†δ¯lA2
+(f†C lA + C lPf†)δ¯lA2(C lAf + fC lP )δlP2
+(f†C lA + C lPf†)δlA2(C lAf + fC lP )δ¯lP2}
+tr(ηlP1f
†f + ηlA1ff†)tr{ηlP2(C lP )2 + ηlA2(C lA)2}
+tr{ηlP1(C lP )2 + ηlA1(C lA)2}tr(ηlP2f†f + ηlA2ff†)
+
1
2
tr(ηlP3f
†f + ηlA3ff†)
21
·tr{ηqLP3(CqLP )2 + ηqLA3(CqLA)2 + ηqRP3(CqRP )2 + ηqRA3(CqRA)2}
+
1
4
tr(ηlP4f
†f + ηlA4ff†), (B.2)
λ1 = −3
8
αtr{(hl)2δ¯lP1(hl)2δlP1 + (h˜l)2δ¯lA1(h˜l)2δlA1
+(hq)2δ¯qP1(h
q)2δqP1 + (h˜
q)2δ¯qA1(h˜
q)2δqA1}
−9
2
κtr{(hl)2δ¯lP2(hl)2δlP2 + (h˜l)2δ¯lA2(h˜l)2δlA2
+(hq)2δ¯qP2(h
q)2δqP2 + (h˜
q)2δ¯qA2(h˜
q)2δqA2}
+tr{ηlP1(hl)2 + ηlA1(h˜l)2}tr{ηlP2(hl)2 + ηlA2(h˜l)2}
+
1
4
tr{ηqLP1(hq)2 + ηqLA1(h˜q)2 + ηqRP1(hq)2 + ηqRA1(h˜q)2}
·tr{ηqLP2(hq)2 + ηqLA2(h˜q)2 + ηqRP2(hq)2 + ηqRA2(h˜q)2}
+
1
2
tr{ηlP3(hl)2 + ηlA3(h˜l)2}
·tr{ηqLP3(hq)2 + ηqLA3(h˜q)2 + ηqRP3(hq)2 + ηqRA3(h˜q)2}, (B.3)
λ3 =
3
16
αtr{(hl)2δ¯lP1(hl)2δlP1 + (h˜l)2δ¯lA1(h˜l)2δlA1
+(hq)2δ¯qP1(h
q)2δqP1 + (h˜
q)2δ¯qA1(h˜
q)2δqA1}
+
9
4
κtr{(hl)2δ¯lP2(hl)2δlP2 + (h˜l)2δ¯lA2(h˜l)2δlA2
+(hq)2δ¯qP2(h
q)2δqP2 + (h˜
q)2δ¯qA2(h˜
q)2δqA2}, (B.4)
ρ1 = − 3
16
αtr(f†f δ¯lP1f†fδlP1 + ff†δ¯lA1ff†δlA1)
−9
4
κtr(f†f δ¯lP2f†fδlP2 + ff†δ¯lA2ff†δlA2)
+
1
4
tr(ηlP1f
†f + ηlA1ff†)tr(ηlP2f†f + ηlA2ff†), (B.5)
ρ2 =
3
32
αtr(f†f δ¯lP1f†fδlP1 + ff†δ¯lA1ff†δlA1)
+
9
8
κtr(f†f δ¯lP2f†fδlP2 + ff†δ¯lA2ff†δlA2), (B.6)
ρ3 =
1
2
tr(ηlP1f
†f + ηlA1ff†)tr(ηlP2f†f + ηlA2ff†), (B.7)
α1 = − 3
16
αtr{fhlδ¯lP1hlf†δlA1 + fhlδlP1hlf†δ¯lA1
+(hl)2δ¯lP1f
†fδlP1 + (hl)2δlP1f†f δ¯lP1}
−9
4
κtr{fhlδ¯lP2hlf†δlA2 + fhlδlP2hlf†δ¯lA2
+(hl)2δ¯lP2f
†fδlP2 + (hl)2δlP2f†f δ¯lP2}
+
1
2
tr(ηlP1f
†f + ηlA1ff†)tr{ηlP2(hl)2 + ηlA2(h˜l)2}
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+
1
2
tr{ηlP1(hl)2 + ηlA1(h˜l)2}tr(ηlP2f†f + ηlA2ff†)
+
1
4
tr(ηlP3f
†f + ηlA3ff†)
·tr{ηqLP3(hq)2 + ηqLA3(h˜q)2 + ηqRP3(hq)2 + ηqRA3(h˜q)2}, (B.8)
α3 =
3
16
αtr{(hl)2δ¯lP1f†fδlP1 + (hl)2δlP1f†f δ¯lP1
+fhlδ¯lP1h
lf†δlA1 + fhlδlP1hlf†δ¯lA1
−(h˜l)2δ¯lA1ff†δlA1 − (h˜l)2δlA1ff†δ¯lA1
−f†h˜lδ¯lA1h˜lfδlP1 − f†h˜lδlA1h˜lf δ¯lP1}
+
9
4
κtr{(hl)2δ¯lP2f†fδlP2 + (hl)2δlP2f†f δ¯lP2
+fhlδ¯lP2h
lf†δlA2 + fhlδlP2hlf†δ¯lA2
−(h˜l)2δ¯lA2ff†δlA2 − (h˜l)2δlA2ff†δ¯lA2
−f†h˜lδ¯lA2h˜lfδlP2 − f†h˜lδlA2h˜lf δ¯lP2}, (B.9)
β1 = − 3
16
αtr(fhlδlP1f
†h˜lδ¯lA1 + fhlδ¯lP1f†h˜lδlA1
+h˜lf δ¯lP1h
lf†δlA1 + h˜lfδlP1hlf†δ¯lA1)
−9
4
κtr(fhlδlP2f
†h˜lδ¯lA2 + fhlδ¯lP2f†h˜lδlA2
+h˜lf δ¯lP2h
lf†δlA2 + h˜lfδlP2hlf†δ¯lA2). (B.10)
Appendix C
Restrictions Derived from Eqs. (2·23) and (2·25)
Due to the expressions of the Higgs self-coupling constants in Appendix B, Eqs. (2.23) ∼
(2.26) lead to four restrictions on several Yukawa coupling constants and several parameters
introduced in LB. The restrictions derived from Eqs. (2.24) and (2.26) have been analyzed
in §3 and 4. Here we give the forms obtained by substituting the expressions of the Higgs
self-coupling constants in Appendix B into Eqs. (2.23) and (2.25), respectively:
α(
9
4
[(C l)2δl1δ¯
l
1tr{(hl)2 + (h˜l)2}+ (Cq)2δq1 δ¯q1tr{(hq)2 + (h˜q)2}]
+
3
8
v2L + v
2
R
ǫ2−
δl1δ¯
l
1[ǫ
2
1tr{(hl)2f†f} − ǫ22tr{(h˜l)2ff†}]
+
3
8
ǫ2+[δ
l
1δ¯
l
1tr{(hl)4 + (h˜l)4}+ δq1 δ¯q1tr{(hl)4 + (h˜l)4}])
+12κ(
9
4
[(C l)2δl2δ¯
l
2tr{(hl)2 + (h˜q)2}+ (Cq)2δq2 δ¯q2tr{(hq)2 + (h˜l)2}]
23
+
3
8
v2L + v
2
R
ǫ2−
δl2δ¯
l
2[ǫ
2
1tr{(hl)2f†f)} − ǫ22tr{(h˜l)2ff†)}]
+
3
8
ǫ2+[δ
l
2δ¯
l
2tr{(hl)4 + (h˜l)4}+ δq2 δ¯q2tr{(hl)4 + (h˜l)4}])
= 24ηl1η
l
2[(C
l)2tr{(hl)2 + (h˜l)2}+ (Cq)2tr{(hq)2 + (h˜q)2}]
+12ηl3η
q
3[(C
q)2tr{(hl)2 + (h˜l)2}+ (C l)2tr{(hq)2 + (h˜q)2}]
+
1
2
ηl4tr{(hl)2 + (h˜l)2}+
1
2
ηq4tr{(hq)2 + (h˜q)2}
+
1
2
(v2L + v
2
R)tr(f
†f)[2ηl1ηl2tr{(hl)2 + (h˜l)2}+ ηl3ηq3tr{(hl)2 + (h˜l)2}]
+ǫ2+(η
l
1η
l
2[tr{(hl)2 + (h˜l)2}]2 + ηq1ηq2[tr{(hq)2 + (h˜q)2}]2
+ηl3η
q
3tr{(hl)2 + (h˜l)2} · tr{(hq)2 + (h˜q)2}) (C.1)
and
(αδl1δ¯
l
1 − 12κδl2δ¯l2)[
9
4
(C l)2tr(f†f) + 3
8
ǫ21tr{(hl)2ff†}
+
3
8
tr{(h˜l)2ff†}+ 3
8
(v2L + v
2
R)tr{(f†f)2}]
= {24(C l)2ηl1ηl2 + 12(Cq)2ηl3ηq3 +
1
2
ηl4}tr(f†f)
+
1
2
ǫ2+[2η
l
1η
l
2tr(f
†f)tr{(hl)2 + (h˜l)2}+ ηl3ηq3tr(f†f)tr{(hq)2 + (h˜q)2}]
+(v2L + v
2
R)η
l
1η
l
2{tr(f†f)}2. (C.2)
To make the last form of Eqs. (C.1) and (C.2) simple, we have used Eq. (3.35) and the
following conditions:
C lijP = C
lij
A ≡ C lδij, (C.3)
CqijLP = C
qij
LA = C
qij
RP = C
qij
RA ≡ Cqδij . (C.4)
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